A compact quasi-regular Sasakian manifold M is foliated by onedimensional leaves and the transverse space of this characteristic foliation is necessarily a compact Kähler orbifold Z. In the case when the transverse space Z is also Einstein the corresponding Sasakian manifold M is said to be Sasakian η-Einstein. In this article we study η-Einstein geometry as a class of distinguished Riemannian metrics on contact metric manifolds. In particular, we use a previous solution of the Calabi problem in the context of Sasakian geometry to prove the existence of η-Einstein structures on many different compact manifolds, including exotic spheres. We also relate these results to the existence of Einstein-Weyl and Lorenzian Sasakian-Einstein structures.
Introduction
The purpose of this paper is to study a special kind of Riemannian metrics on Sasakian manifolds. A Sasakian manifold M of dimension 2n + 1 with a Sasakian structure S = (ξ, η, Φ, g) is said to be η-Einstein if the Ricci curvature tensor of the metric g satisfies the equation Ric g = λg + νη ⊗ η for some constants λ, ν ∈ R. These metrics were introduced and studied by Okumura [Oku62] and then named by Sasaki [Sas65] in his lecture notes in 1965. Okumura assumed that both λ and ν are functions, and then proved, similar to the case of Einstein metrics, that they must be constant when n > 1. Obviously ν = 0 reduces to the more familiar Sasakian-Einstein condition. In particular, λ + ν = 2n and every Sasakian η-Einstein manifold is necessarily of constant scalar curvature s = 2n(1 + λ).
It is well-known that Sasakian-Einstein metrics are necessarily positive with Einstein constant equal to dim(M ) − 1. On the other hand, on Kähler manifolds one naturally considers Kähler-Einstein metrics with Einstein constant of any sign. As every Sasakian manifold comes with a characteristic foliation F ξ whose transverse geometry is Kähler, the notion of the basic first Chern class c 1 (F ξ ) leads one to define null, positive, or negative Sasakian structures in analogy with Kähler geometry. One simply asks that c 1 (F ξ ) either vanish or be represented by a basic positive or negative (1, 1)-form, respectively. In such a context Sasakian η-Einstein metrics are the natural analogues of Kähler-Einstein metrics.
In the c 1 > 0 case the transverse geometry is Fano and the η-Einstein condition implies further that the transverse geometry is Kähler-Einstein of positive scalar curvature. It was first observed by Tanno that a positive Sasakian manifold M with an η-Einstein metric g admits another metric g ′ which is Sasakian-Einstein [Tan79] . The respective Sasakian structures S and S ′ are related by the so-called 'transverse' or 'D-homothety' transformation. Tanno used this simple observation to show that a unit tangent bundle M = T 1 S n of any n-sphere admits a homogeneous Sasakian-Einstein structure. Actually, transverse homotheties define a family of Sasakian η-Einstein structures for each scale a ∈ R + . This family can be represented by the unique Sasakian-Einstein structure which then can be either "squashed" or "stretched". It turns out that the squashed Sasakian η-Einstein structures can be used to define an associated Einstein-Weyl geometry in a canonical way [Nar93, Nar97, Nar98, Hig93, PS93] . For instance, in 3 dimensions the only compact simply connected Sasakian-Einstein manifold is the round S 3 and, hence, the squashed η-Einstein metric is simply the Berger metric. The latter is a well-known example of a non-trivial Einstein-Weyl manifold. It follows that Sasakian-Einstein geometry offers quite a powerful tool in constructing odd-dimensional examples of Einstein-Weyl manifolds. In particular, it follows that many spin 5-manifolds admit families of Einstein-Weyl structures. Similarly, the standard as well as some exotic spheres in odd dimensions also admit Einstein-Weyl structures.
The c 1 = 0 case is an example of the so-called transverse Calabi-Yau structure. As a consequence of a transverse version [EKA90] of Yau's famous theorem, every null Sasakian structure can be deformed to a Sasakian η-Einstein structure which is transverse Calabi-Yau. We exhibit interesting examples of such structures on certain compact Sasakian manifolds. Interestingly, some of these examples are also Einstein-Weyl as observed by Narita in [Nar93] .
In the c 1 < 0 case an orbifold version of the theorem of Aubin and Yau shows that every negative Sasakian structure S can be deformed to a Sasakian η-Einstein structure. As a consequence, negative Sasakian η-Einstein metrics can be easily found on many compact contact spin manifolds. Remarkably, it follows that (possibly all) homotopy spheres which bound parallelizable manifolds admit infinitely many inequivalent negative Sasakian η-Einstein structures. Hence, for example, S 5 admits both positive and negative Sasakian η-Einstein structures, but no null Sasakian structures. Both positive and negative Sasakian η-Einstein structures exist on many compact simply connected spin 5-manifolds, including #k(S 2 × S 3 ) for certain k (positive Sasakian structures exist for all k) and certain rational homology 5-spheres. Some of these manifolds, for example #20(S 2 × S 3 ) admit all three types of Sasakian η-Einstein structures. One additional interesting feature of the c 1 < 0 case is that every negative Sasakian η-Einstein structure yields a family of Lorentzian Sasakian η-Einstein metrics [Bau00, Boh03] . The metrics in the family are related by a transverse homothety and, like in the positive case, there is a unique Lorentzian Sasakian-Einstein metric in the family with Einstein constant 1 − dim(M ). Hence, for instance, S 5 admits infinitely many Lorentzian Sasakian-Einstein structures.
Our article is organized as follows: In Section 2 we recall some basic properties of the transverse geometry including invariants of the characteristic foliation. Section 3 follows with fundamentals about certain deformations of Sasakian structures. In section 4 we begin the study of η-Einstein metrics and their relation to the Sasakian Calabi problem. Here we also describe the non-spin obstruction to the existence of η-Einstein metrics. The following section describes some general properties of Sasakian η-Einstein manifolds, in particular, we describe the relation between negative Sasakian η-Einstein structures and Lorentzian Sasakian-Einstein structures. Many of the most interesting examples of positive, null, and negative Sasakian structures can be found on links of isolated hypersurface singularities which is discussed in Section 6. In Sections 7 and 8 we use this fact to introduce large set of examples of Sasakian η-Einstein structures. Finally, in the last section we discuss relations between Einstein-Weyl and Sasakian η-Einstein structures.
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The Characteristic Foliation and Transverse Invariants
Recall that an almost contact structure on a differentiable manifold M is a triple (ξ, η, Φ), where Φ is a tensor field of type (1, 1) (i.e. an endomorphism of T M ), ξ is a vector field, and η is a 1-form which satisfy
where I is the identity endomorphism on T M. A smooth manifold with such a structure is called an almost contact manifold. A Riemannian metric g on M is said to be compatible with the almost contact structure if for any vector fields X, Y on M we have g(ΦX, ΦY ) = g(X, Y ) − η(X)η(Y ).
An almost contact structure with a compatible metric is called an almost contact metric structure. In case η is a contact form (ξ, η, Φ, g) is said to be a contact metric structure on M . A contact metric structure (ξ, η, Φ, g) is called K-contact if ξ is a Killing vector field of g and it is called Sasakian if the metric cone (C(M ), dr 2 + r 2 g, d(r 2 η)) is Kähler.
In this section we study the transverse geometry of the Riemannian foliation F ξ defined on M by the characteristic, or as it is called Reeb vector field ξ. The transverse geometry of Sasakian structures were discussed in part 3 of Sasaki's notes [Sas68] in the regular case. This predated the modern development of foliation theory which is the proper setting for the study of Sasakian geometry. We first make note of some well-known properties. The foliation F ξ is one dimensional whose leaves are geodesics with respect to the Sasakian metric g, and this metric is bundle-like.
Let (M, ξ, η, Φ, g) be a Sasakian manifold, and consider the contact subbundle D = ker η. There is an orthogonal splitting of the tangent bundle as
where L ξ is the trivial line bundle generated by the Reeb vector field ξ. The contact subbundle D is just the normal bundle to the characteristic foliation F ξ generated by ξ. It is naturally endowed with both a complex structure J = Φ|D and a symplectic structure dη. Hence, (D, J, dη) gives M a transverse Kähler structure with Kähler form dη and metric g D defined by
which is related to the Sasakian metric g by
Recall 
is called the basic cohomology of (M, F ξ ). The basic cohomology ring H * B (F ξ ) is an invariant of the foliation F ξ and hence, of the Sasakian structure on M. When M is compact it is related to the ordinary de Rham cohomology H * (M, R) by the long exact sequence [Ton97] (6)
, and j p is the composition of the map induced by ξ⌋ with the well known isomorphism H r (M, R) ≈ H r (M, R) T where T, a torus, is the closure of the Reeb flow, and H r (M, R) T is the T-invariant cohomology defined from the T-invariant r-forms Ω r (M ) T . We also note that dη is basic even though η is not.
Next we exploit the fact that the transverse geometry is Kähler. Let D C denote the complexification of D, and decompose it into its eigenspaces with respect to J, that is, D C = D 1,0 ⊕ D 0,1 . Similarly, we get a splitting of the complexification of the sheaf Λ 1 B of basic one forms on M, namely Λ 1
We let E p,q B denote the sheaf of germs of basic forms of type (p, q), and we obtain a splitting
The basic cohomology groups H p,q B (F ξ ) are fundamental invariants of a Sasakian structure which enjoy many of the same properties as the ordinary Dolbeault cohomology of a Kähler structure. The following theorem was given in [BGN03b] :
Theorem 1 gives rise to fundamental invariants [BGN03c] of the Sasakian structure, namely the basic Betti numbers and basic Hodge numbers:
which are related to the basic Betti numbers by
and satisfy
For a description of other transverse holomorphic invariants and relationships between them, we refer the reader to [BGN03b, BGN03a] . Here we only mention the basic geometric genus p g (F ξ ) = h 0,n B (F ξ ), and the basic irregularity
is actually a topological invariant by (5) of Theorem 1. In the case n = 2, things simplify much more, and all the basic Hodge numbers are given in terms of the three invariants q, p g (F ξ ) and h 1,1 B (F ξ ). Recall now Definition 2. The characteristic foliation F ξ is said to be quasi-regular if there is a positive integer k such that each point has a foliated coordinate chart (U, x) such that each leaf of F ξ passes through U at most k times. If k = 1 then the foliation is called regular. If F ξ is not quasi-regular, it is said to be irregular. We use the term non-regular to mean quasi-regular but not regular.
In the case of a compact quasi-regular Sasakian manifold M we know that the space of leaves is a compact Riemannian orbifold Z. But since the transverse geometry on M is Kähler, the orbifold must be Kähler. But actually in the quasi-regular case more is true. It follows [BG00] that M is the total space of a V-bundle over Z, and the curvature of the connection form η is precisely the pullback of the Kähler form on Z. Thus, Z satisfies an orbifold integrality condition which we now elaborate. This integrality condition ties Sasakian geometry on compact manifolds to projective algebraic geometry. Recall that a compact Kähler orbifold (Z, ω) is called a Hodge orbifold if [ω] lies in H 2 orb (Z, Z). By a theorem of Baily [Bai57] a Hodge orbifold is a polarized projective algebraic variety. We have Theorem 3. Let S = (ξ, η, Φ, g) be a compact quasi-regular Sasakian structure on a smooth manifold of dimension 2n + 1, and let Z denote the space of leaves of the characteristic foliation. Then
(1) The leaf space Z is a Hodge orbifold with Kähler metric h and Kähler form ω which defines an integral class [ω] in H 2 orb (Z, Z) in such a way that π : (S, g)− − →(Z, h) is an orbifold Riemannian submersion. The fibers of π are totally geodesic submanifolds of S diffeomorphic to S 1 .
(2) Z is also a Q-factorial, polarized, normal projective algebraic variety.
Conversely, given a Hodge orbifold (Z, ω) one can construct a Sasakian structure in the total space of the circle bundle defined by the integral class [ω] in H 2 orb (Z, Z).
Deformation Classes of Sasakian Structures
Sasakian structures like Kähler structures are plentiful; in fact, the 'moduli space' is infinite dimensional. It is thus important to look for distinguished Sasakian metrics in a given deformation class, and η-Einstein metrics provide good examples. There are two essential types of deformations of Sasakian structures, those that deform the characteristic foliation (deformations of type I) and those that fix the characteristic foliation but deform the contact 1-form (deformations of type II).
Deformations of Type I
Let us consider deformations of a Sasakian structure with a fixed transverse holomorphic structure, that is deformations that deform the characteristic foliation F ξ by deforming the vector field ξ. This type of deformation was first considered by Takahashi [Tak78] who considered deformations by adding an infinitesimal automorphism ρ ∈ aut(ξ, η, Φ, g). However, here we consider somewhat weaker conditions used in the 3-dimensional case by Belgun [Bel01] . Explicitly, we consider deformations of the contact form whose Reeb vector field is an infinitesimal automorphism of the CR structure, that is, we consider a positive function f and tensor fields It is clear from Equations 11 thatη is a contact 1-form, the contact subbundle D = ker η = kerη remains unchanged, and thatΦξ = 0. Furthermore, if X is a section of D, theñ
Thus,Φ 2 = −I +ξ ⊗η, so (ξ,η,Φ) is an underlying almost contact structure of the contact structure. Notice that f and ρ are related by
Next define the Riemannian metricg bỹ
This metric is compatible with the contact structure andξ is a Killing vector field of g. Thus, (ξ,η,Φ,g) is K-contact. In fact, we claim that it is Sasakian. To see this we need to check normality. But according to Proposition 3.2 of [BG01a] the structure (ξ,η,Φ,g) is normal if and only if the almost CR-structureΦ| D is integrable andΦ is invariant underξ. The latter conditions both hold by Equations 11 and 12. We have arrived at The metricsg and g are related bỹ
A very special case of type I deformations occur when ρ = cξ for some constant c. This does not deform the characteristic foliation, but only rescales the vector field ξ and contact 1-form η. It is convenient to write this transformation in the form
where a is constant. These were called D-homothetic deformations by Tanno [Tan68] . We have also referred to them as transverse homotheties.
Deformations of Type II
Now fix a Sasakian structure (ξ, η, Φ, g) on M 2n+1 and consider deformations which stabilize the characteristic foliation F ξ . More explicitly we wish to deform (ξ, η, Φ, g) through Sasakian structures that have the same fundamental basic cohomology class up to a scale. As in Kähler geometry this deformation space is infinite dimensional. We consider a deformation of the structure (ξ, η, Φ, g) by adding to η a continuous one parameter family of 1-forms ζ t that are basic with respect to the characteristic foliation. We require that the 1-form η t = η +ζ t satisfy the conditions
This last non-degeneracy condition implies that η t is a contact form on M for all t ∈ [0, 1] which by Gray's Stability Theorem belongs to the same underlying contact structure as η. Moreover, since ζ t is basic ξ is the Reeb (characteristic) vector field associated to η t for all t. Now let us define
In [BG3] it was proved that for all t ∈ [0, 1] and every basic 1-form ζ t such that dζ t is of type (1, 1) and such that 13 holds (ξ, η t , Φ t , g t ) defines a continuous 1parameter family of Sasakian structures on M belonging to the same underlying contact structure as η.
Theorem 5. Let (M, ξ, η, Φ, g) be a Sasakian manifold. Then for all t ∈ [0, 1] and every basic 1-form ζ t such that dζ t is of type (1, 1) and such that 13 holds (ξ, η t , Φ t , g t ) defines a Sasakian structure on M belonging to the same underlying contact structure as η.
Given a Sasakian structure S = (ξ, η, Φ, g) on a manifold M, we defined F(ξ) [BGN03b] to be the family of all Sasakian structures obtained by deformations of type II. Notice that any two Sasakian structures (ξ, η, Φ, g) and (ξ ′ , η ′ , Φ ′ , g ′ ) in F(ξ) are homologous in the sense that [dη ′ ] B = [dη] B . This definition was then extended to include transverse homotheties in [BGN03c] . We defined F(F ξ ) to be the set of all Sasakian structures whose characteristic foliation is F ξ . Clearly, we have F(ξ) ⊂ F(F ξ ). For any Sasakian structure S = (ξ, η, Φ, g) there is the "conjugate
More generally it is convenient to include both deformations of type I and II as well as deformations of the CR-structure. For a fixed Sasakian structure S = (ξ, η, Φ, g) we denote by F(S) the space of all Sasakian structures that can be obtained from S by deformations through CR-structures that are compatible with the contact structure or deformations of type I and II above. The topology of F(S) is compact open C ∞ -topology induced by the corresponding tensor fields. The underlying contact structure remains fixed in F(S).
η-Einstein Metrics and the Calabi Problem
In this section we begin the main objects of study, namely η-Einstein metrics which were introduced and studied by Okumura [Oku62] in 1962. In particular, he studied the relation between the existence of η-Einstein metrics and certain harmonic forms, although the correct cohomological setting and connection to the Calabi problem was not realized until much later. Definition 6. A Sasakian structure S = (ξ, η, Φ, g) on M is said to be Sasakian η-Einstein or just η-Einstein if there are constants λ, ν such that Ric g = λg +νη⊗η.
One can obviously generalize this definition to any almost contact metric manifold (M, η, ξ, Φ, g). In such generality one typically asks for λ, ν ∈ C ∞ (M ) to be arbitrary functions. However, on a Sasakian or even only K-contact manifold the Ricci curvature tensor satisfies Ric g (ξ, X) = 2nη(X) and it easily follows [Oku62] that Lemma 7. Let M be a K-contact manifold of dimension 2n + 1 such that
. Then if n > 1, λ, and ν are constants satisfying λ+ν = 2n.
Remark 8. In the 3-dimensional case any K-contact manifold is automatically Sasakian. A Sasakian 3-manifold M is always η-Einstein in the wider sense of the definition which allows λ, ν to be functions on M . Hence, in this paper we define a Sasakian 3-manifold to be η-Einstein as in 6. On the other hand, when M is a metric contact manifold one can study metrics for which Ric g = λg + νη ⊗ η, with λ, ν ∈ C ∞ (M ) (see [Bla02] ).
An immediate consequence of the definition is
Corollary 9. Every Sasakian η-Einstein manifold is of constant scalar curvature s = 2n(λ + 1).
We briefly recall the basic first Chern class from [BGN03b] . Now the contact subbundle D is a complex vector bundle and thus has a first Chern class c 1 (D) ∈ H 2 (M, Z). Consider the long exact sequence 6 together with the natural map H 2 (M, Z)− − →H 2 (M, R) whose kernel is the torsion part of H 2 (M, Z). From (5) of Theorem 1 we have (16)
As in 6 the map δ is given by
where c ∈ R. Now on a Sasakian manifold the vector bundle D 1,0 is holomorphic with respect to the CR-structure, so we can compute the free part of c 1 (D) = c 1 (D 1,0 ) from the transverse Kähler geometry in the usual way. That is c 1 (D) can be represented by a basic real closed (1, 1)-form
is independent of the transverse metric and basic connection used to compute it, and depends only on the foliated manifold (M, F ξ ) with its CR-structure. It is described in [EKA90] and called the basic first Chern class of D there.
In analogy with common terminology of smooth algebraic varieties we see that a positive Sasakian structure is a transverse Fano structure, while a null Sasakian structure is a transverse Calabi-Yau structure. The negative Sasakian case corresponds to the canonical bundle being ample; we refer to this as a transverse canonical structure.
Recall the transverse Ricci tensor Ric T g of g T to be the Ricci tensor of the transverse metric g T . It is related to the Ricci tensor Ric g of g
Now as usual define the Ricci form ρ g and transverse Ricci form ρ T g by
It is easy to check that these are anti-symmetric of type (1, 1) and 17 implies that they are related by
Thus, as in the usual case we have
In [BGN03b] we used El Kacimi-Alaoui's 'Transverse Yau Theorem' [EKA90] to prove the following converse to Lemma 11:
Theorem 12. Let (M, ξ, η, Φ, g) be a Sasakian manifold whose basic first Chern class c B 1 is represented by the real basic (1, 1) form ρ, then there is a unique Sasakian structure (ξ, η 1 , Φ 1 , g 1 ) ∈ F(ξ) homologous to (ξ, η, Φ, g) such that ρ g1 = ρ − 2dη 1 is the Ricci form of g 1 .
In Problem 16 below we give another version of the Sasakian Calabi Problem. We are interested in certain invariance properties of c 1 (F ξ ). Since the transverse Ricci form ρ T g under scaling, we see that c 1 (F ξ ) is independent of the Sasakian structure in F(F ξ ). Now from the exact sequence 16 we have Proposition 13. Let (ξ, η, Φ, g) be a Sasakian structure with underlying contact bundle D. Then c 1 (D) is a torsion class if and only if there exists a real number a such that c 1 (F ξ ) = a[dη] B . In particular,
(1) If c 1 (D) is a torsion class then every Sasakian structure in F(S) is either definite or null.
Hence, a non-torsion c 1 (D) is the obstruction to the existence of a Sasakian η-Einstein metric. In particular, in the case when λ > −2 there is a canonical variation to a Sasakian-Einstein metric [Tan79] , so c 1 (D) is an obstruction to the existence of a Sasakian-Einstein metric on M in the given ξ-deformation class [BG01a] . Since c 1 (D) is an invariant of the complex vector bundle D, (2) gives an obstruction to the type of contact structure that can admit a compatible Sasakian η-Einstein metric. However, since c 1 (D) is related to a topological invariant, namely the second Stiefel-Whitney class w 2 (M ), there are topological obstructions to the existence of Sasakian η-Einstein metrics. From the natural splitting T M = D ⊕ L ξ where L ξ is the trivial real line bundle generated by ξ, one gets Thus, Theorem 14 includes as a special case the well known fact [BG00, Mor97] that a simply connected Sasakian-Einstein manifold is necessarily spin. Next we give an example of a Sasakian manifold that does not admit a Sasakian η-Einstein metric.
Example 15. Consider the non-trivial S 3 -bundle over S 2 , denoted by X ∞ in Barden [Bar65] . We represent X ∞ as a non-trivial circle bundle over a Hirzebruch surface. Recall the Hirzebruch surfaces S n [GH78] are realized as the projectivizations of the sum of two line bundles over CP 1 , namely
They are diffeomorphic to CP 1 × CP 1 if n is even, and to the blow-up of CP 2 at one point, which we denote as CP 2 , if n is odd. For n = 0 and 1 we get CP 1 × CP 1 and CP 2 , respectively, so we need to take n > 1 and odd to get a non-spin circle bundle. Now Pic(S n ) ≈ Z ⊕ Z, and we can take the Poincaré duals of a section of O(−n) and the homology class of the fibre as its generators. The corresponding divisors can be represented by rational curves which we denote by C and F, respectively satisfying C · C = −n, F · F = 0, C · F = 1.
Let α and β denote the Poincaré duals of C and F , respectively, and write the Kähler form ω so that [ω] = aα + bβ. According to [HS97] every Kähler class can be represented in this form with b = 2 and a > 0. Let
be the circle bundle over S n whose first Chern class is [ω]. Since we want M simply connected, we need to choose gcd(a, b) = 1. It suffices to take n = 3, and
From the Gysin sequence of the circle bundle we have
giving c 1 (D) = π * (c 1 (−K)) = π * (2α+5β) = π * β. Hence, w 2 (M ) = 0 implying that M = X ∞ by Barden's Classification Theorem [Bar65] . Thus, we have produced a Sasakian structure on X ∞ , but by Theorem 14 it cannot admit a Sasakian η-Einstein structure.
We are interested in proving the existence of Sasakian η-Einstein metrics in a given deformation class of Sasakian structures.
Problem 16. [Sasakian Calabi Problem] Given a manifold M with Sasakian structure S = (ξ, η, Φ, g) and with transverse first Chern class c 1 (F ξ ) that is represented by a positive definite, negative definite real basic (1, 1) form ρ T , or if c 1 (F ξ ) vanishes, does there exist a Sasakian structure S ′ ∈ F(F ξ ) with an η-Einstein metric g ′ ?
The solution to this problem is, of course, given in local CR-coordinates (z i ,z i , x) on M by the "transverse Monge-Ampère equation"
where g T is the transverse metric, φ and F are real basic functions, and φ ij are the components of ∂∂φ = dζ t with respect to the transverse coordinates (z i ,zj). The cases when c 1 (F ξ ) is zero, positive or negative definite correspond to finding solutions of equation 20 with the constant k = 0, > 0, < 0, respectively. In the negative and zero cases we have the transverse version of theorems of Yau [Yau78] and Aubin [Aub82] give
is zero or can be represented by a negative definite (1, 1) form, then there exists a Sasakian structure S ∈ F(ξ) with an η-Einstein metric g on M with λ = −2 in the first case and λ < −2 in the second.
In other words, in complete analogy with the Kählerian case, we see that there are no obstructions to solving Sasakian or transverse Monge-Ampère problem in the negative or null case.
Further Results on η-Einstein Metrics
Let us now consider a Sasakian η-Einstein with Sasakian structure S = (ξ, η, Φ, g) and η-Einstein constants (λ, ν). A simple calculation shows that D-homotheties preserve η-Einstein condition. More precisely, we have
Proof. The proof follows from a simple formula relating Ricci curvature tensors of the Sasakian metric g ′ , g related by a D-homothetic transformation [Tan68] :
Note that D-homotheties must preserve the sign of the Sasakian η-Einstein structure (invariance of basic Chern classes) and they are completely analogous to the usual homotheties of Einstein metrics. When (M, ξ, η, Φ, g) is null then always (λ, ν) = (−2, 2n + 2). When (M, ξ, η, Φ, g) is positive then λ > −2. But by applying a suitable D-homothety one can get any value of λ ∈ (−2, ∞). Similarly, when (M, ξ, η, Φ, g) is negative λ < −2 and by applying a suitable D-homothety one can get any value of λ ∈ (−∞, −2).
An easy computation shows that, in addition to the structure Theorem 3, in the η-Einstein case we can actually say more.
Theorem 19. Let (M, ξ, η, Φ, g) be a compact quasi-regular Sasakian η-Einstein manifold of dimension 2n + 1, and let Z denote the space of leaves of the characteristic foliation. Then the leaf space Z is a Hodge orbifold with Kähler-Einstein metric h with Einstein constant λ + 2.
The case of λ + 2 > 0 is special as follows from Proposition 18. By applying suitable D-homothety one can always choose λ = 2n which turns the η-Einstein metric into an Einstein metric. This observation is originally due to Tanno who used it to show that a unit tangent bundle of S n has a homogeneous Sasakian-Einstein structure. When n = 3 one gets a homogeneous Sasakian-Einstein metric on S 2 × S 3 [Tan79] . We have Theorem 20. Let (M, ξ, η, Φ, g) be a compact quasi-regular Sasakian η-Einstein manifold of dimension 2n + 1, and let λ > −2. Let (Z, h) denote the space of leaves of the characteristic foliation with its Kähler-Einstein metric h. Then M admits a Sasakian-Einstein structure
2n+2 . It is useful therefore to think of positive Sasakian η-Einstein structure as a family parameterized by a positive constant a ∈ R + . In addition, if we choose Sasakian-Einstein structure in this family S 1 as reference point we will distinguished between two subfamilies.
Definition 21. Let (M, ξ 1 , η 1 , Φ 1 , g 1 ) be a compact quasi-regular Sasakian-Einstein manifold of dimension 2n+1, and let S a = (ξ a , η a , Φ a , g a ) be the Sasakian η-Einstein structure obtained from S 1 by applying D-homothetic transformation to S 1 with constant a ∈ R + . We say that S a is stretched when a > 1 (−2 < λ < 2n, ν > 0) and squashed when 0 < a < 1 (λ > 2n, ν < 0).
Note that positive squashed Sasakian η-Einstein manifolds can have scalar curvature of any sign. There is a unique metric in the family S a which makes λ = −1 in which case the Sasakian manifold becomes scalar-flat.
In the negative case there is another interesting structure related to Sasakian η-Einstein metric. Recall [Bau00, Boh03] the following Definition 22. Let (M, g) be a Lorentzian manifold of dimension 2n + 1 and let ξ be a time-like Killing vector field such that g(ξ, ξ) = −1. We say that that M is Sasakian if Φ(X) = ∇ X ξ satisfies the condition (∇ X Φ)(Y ) = g(X, ξ)Y + g(X, Y )ξ and Sasakian-Einstein if, in addition, g is Einstein.
Equivalently, we can require the metric cone C(M ) = (R + ×M, −dt 2 +r 2 g, d(r 2 η)) to be pseudo-Kähler of signature (2, 2n). In the Sasakian-Einstein case the cone metric is pseudo-Calabi-Yau and the Einstein constant must equal to −2n. This is in complete analogy with the Riemannian case. Geometries of this type are interesting as they provide examples of the so-called twistor spinors on Lorentzian manifolds. As a simple consequence we get Proposition 23. Let (M, ξ, η, Φ, g) be a compact quasi-regular Sasakian η-Einstein manifold of dimension 2n + 1, and let λ < −2. Let (Z, h) denote the space of leaves of the characteristic foliation with its Kähler-Einstein metric h. Then M admits a Lorentzian Sasakian-Einstein structure such that
where a = λ+2 2+2n . Combining this with Theorem 17 we have Corollary 24. Every negative Sasakian manifold admits a Lorentzian Sasakian-Einstein structure.
η-Einstein Structures on Links
Let w = (w 0 , · · · , w n ) be any positive vector in t n+1 = R n+1 , that is w i > 0 for all i = 0, · · · , n. The vector field corresponding to w is denoted by ξ w , and the corresponding 1-form by η w . We obtain a deformed Sasakian structure (ξ w , η w , Φ w , g w ) defined by
, where Φ w and g w are further determined by ξ w and η w . Notice that
So (ξ w , η w , Φ w , g w ) is indeed a Sasakian structure as long as all the components of w are positive. We shall refer to (ξ w , η w , Φ w , g w ) as the weighted Sasakian structure on S 2n+1 , and we denote the unit sphere with this Sasakian structure by S 2n+1 w .
We now have a new moment map corresponding to the deformed strict contact structure, namely η w (H i ), and so we obtain a deformed simplex as well,
The deformed structures (ξ w , η w , Φ w , g w ), however, are not all distinct. The Weyl group W(SU (n+ 1)) = Nor(T n+1 )/T n+1 acts as outer automorphisms on the maximal torus, and it is well known that W(SU (n + 1)) = Σ n+1 , the permutation group on n + 1 letters. So for any σ ∈ Σ n+1 the Sasakian structures (ξ w , η w , Φ w , g w ) and (ξ σ(w) , η σ(w) , Φ σ(w) , g σ(w) ) are isomorphic. Thus, we shall frequently take the weights to be ordered such that w 0 ≤ w 1 ≤ · · · ≤ w n . It is important to note that all the Sasakian structures S w belong to the same underlying contact structure on S 2n+1 , namely the standard one.
Consider the affine space C n+1 together with a weighted C * -action given by
where λ ∈ C * , and the weights w j are positive integers.
Definition 25. A polynomial f ∈ C[z 0 , . . . , z n ] is said to be weighted homogeneous of degree d if there are positive integers w 0 , w 1 , · · · , w n , d such that
We shall assume that w 0 ≤ w 1 ≤ · · · ≤ w n and that gcd(w 0 , . . . , w n ) = 1 unless otherwise stated. The zero set V f of a non-degenerate weighted homogeneous polynomial f, is just the weighted affine cone C f . If the origin is an isolated singularity in C f , then it is the only singularity of C f . We shall assume this from now on. In this case we can take ǫ = 1 so that S 2n+1 ǫ (z 0 ) becomes the unit sphere S 2n+1 centered at the origin with its weighted Sasakian structure S w . In this case our link
is a smooth manifold of dimension 2n − 1 which by the Milnor Fibration Theorem is (n − 2)-connected. One can easily see that every link is either positive, negative, or null. More precisely, we have [BGK04] Theorem 26. Let f be a non-degenerate weighted homogeneous polynomial of degree d and weight vector w. The Sasakian structure (ξ w , η w , Φ w , g w ) on S 2n+1 induces by restriction a Sasakian structure, denoted by
Example 27. Let f (z) = z a0 0 + · · · + z an n . Then the link L f is called the Brieskorn-Pham link and we will denote it by L(a) = L(a 0 , . . . , a n ). It can be seen that the weighted degree of the Brieskorn-Pham polynomial is d = lcm(a 0 , . . . , a n ) and the weights are w j = d/a j . Then by Theorem 26
(1) L(a) is positive when i In the Fano case there are obstructions to the existence of such structures. However, as every η-Sasakian metric can be deformed to a Sasakian-Einstein one such obstruction are completely equivalent to the obstructions preventing existence of orbifold Kähler-Einstein metric on the transverse space Z f . Existence of Kähler-Einstein metrics on various Fano orbifolds can be often established by the continuity method (cf. [BGK04] and references therein).
We finish this section by reviewing very briefly how one determines the topology of the links. The procedure is that of Milnor and Orlik [MO70] and involves computing the Alexander polynomial of the link. For more details we refer to [MO70] and our previous work [BG01b, BGN03b] . Milnor and Orlik give a combinatorial formula for the (n − 1)-st Betti number of a (2n − 1)-dimensional link, viz.
where the quotients d/w i are written in the irreducible form u i /v i , and the sum is taken over all the 2 n+1 subsets {i 1 , · · · , i s } of {0, · · · , n}. In the case of determining homology spheres or more generally rational homology spheres it is more efficient to use the Brieskorn Graph Theorem. We refer to [BGK04] for details. Another important result proven in [BG01b] concerns 5-dimensional manifolds only. It says that if the weights (w 0 , w 1 , w 2 , w 3 ) satisfy the "well-formedness" condition gcd(w i , w j , w k ) = 1 for all distinct i, j, k, then the 5-dimensional link L f has no torsion.
Sasakian Structures in Dimension 3
Three dimensional Sasakian geometry is well understood, culminating in the recent uniformization theorem due to Belgun [Bel00] which we state precisely below. Geiges [Gei97] showed that a compact 3-manifold admits a Sasakian structure if and only if it is diffeomorphic to one of the following:
(1) S 3 /Γ with Γ ⊂ I 0 (S 3 ) = SO(4).
(2) SL(2, R)/Γ where is universal cover of SL(2, R) and Γ ⊂ I 0 ( SL(2, R)).
(3) Nil 3 /Γ with Γ ⊂ I 0 (Nil 3 ). Here Γ is a discrete subgroup of the connected component I 0 of the corresponding isometry group with respect to a 'natural metric', and Nil 3 denotes the 3 by 3 nilpotent real matrices, otherwise known as the Heisenberg group. These are three of the eight model geometries of Thurston [Thu97] , and correspond precisely to the compact Seifert bundles with non-zero Euler characteristic [Sco83] . For further discussion of the isometry groups we refer to [Sco83] . We refer to the three model geometries above as spherical, SL 2 type, and nil geometry, respectively.
The purpose of this section then is to describe some examples represented as links of isolated hypersurface singularities. First note that in dimension 3 the basic cohomology group H 2 (F ξ ) is 1-dimensional so we cannot get indefinite forms other than zero. Hence Proposition 29. Let M be a compact 3-dimensional Sasakian manifold. Then M is is either positive, negative, or null.
These 3 types of Sasakian structures correspond precisely to the 3 model geometries above. Belgun's Theorem uniformizes these three cases. We prefer to rephrase Belgun's theorem in terms of the earlier work of Tanno [Tan69] on constant Φsectional curvature. In dimension three the Φ-sectional curvature is determined by one function, namely H(X) = K(X, ΦX). Thus, in analogy with 3-dimensional Einstein geometry we have Proof. The if part, which holds in all dimensions, follows easily from Tanno's classification theorem [Tan69] . To prove the only if part we choose a local orthonormal bases X, ΦX, ξ for the Sasakian structure S = (ξ, η, Φ, g). Now in three dimensions the Ricci curvature and the sectional curvature are related by [Pet98] Ric g (X, X) = K(X, ΦX) + K(X, ξ) = K(X, ΦX) + 1 Ric g (ΦX, ΦX) = K(X, ΦX) + K(ΦX, ξ) = K(X, ΦX) + 1 Theorem 31 (Uniformization [Bel00] ). Let M be a 3-dimensional compact manifold admitting a Sasakian structure S = (ξ, η, Φ, g). Then
(1) If S is positive, M is spherical, and there is a Sasakian metric of constant Φ-sectional curvature 1 in the same deformation class as g.
(2) If S is negative, M is of SL 2 type, and there is a Sasakian metric of constant Φ-sectional curvature −4 in the same deformation class as g.
(3) If S is null, M is nil, and there is a Sasakian metric of constant Φ-sectional curvature −3 in the same deformation class as g.
In the positive case the universal coverM is S 3 with its standard round sphere metric. In this case one generally needs both type I and II deformations. In the negative caseM = B 2 × R, the product of the unit 2-ball with R; whereas, in the null caseM = R 3 . In both of these cases the metrics have constant Φsectional curvature, but not constant sectional curvature. Moreover, deformations of type I do not exist in the both negative and null cases except for D-homotheties. Clearly, these 'standard metrics' are all η-Einstein. More generally in any dimension constant Φ-sectional curvature metrics are η-Einstein.
In the positive case deformations of type I are definitely needed. Theorem 31 does not hold without them. A counterexample is the weighted Sasakian structure on S 3 with weights w = (p, q), p = 1. The transverse space of the characteristic foliation is the weighted projective line P 1 C (p, q) which is an example of a Fano orbifold which does not admit an orbifold metric of constant curvature. More generally, the existence of Kähler-Einstein metrics on weighted projective spaces of arbitrary dimension is obstructed by the non-vanishing of the Futaki character [ACGTF04] .
Remark 32. A Sasakian-Einstein structure on a 3-Sasakian manifold does not have to be a part of the 3-Sasakian structure. The simplest example when this is the case is the lens space Z k \S 3 . Consider the unit 3-sphere S 3 ≃ Sp(1) as the unit quaternion σ ∈ H. Such a sphere has two 3-Sasakian structures generated by the left and the right multiplication. Consider the homogeneous space Z k \S 3 , where the Z k -action is given by the multiplication from the left by ρ ∈ Sp(1), ρ k = 1. The quotient still has the "right" 3-Sasakian structure. But it also has a "left" Sasakian structure (the centralizer of Z k in Sp(1) is an S 1 and it acts on the coset from the left). This left Sasakian structure is actually regular while none of the Sasakian structures of the right 3-Sasakian structure can be regular unless k = 1, 2.
Example 33. Consider the standard metric on S 3 − →S 2 of constant sectional curvature equal to 1. This metric is Sasakian-Einstein and 3-Sasakian. Applying D-homothety to this metric produces a family of η-Einstein U(2)-invariant metrics which can be written as σ 2 1 + σ 2 2 + aσ 2 3 , where σ 1 , σ 2 and σ 3 are the standard leftinvariant 1-forms on S 3 ≃ SU (2) and a is a nonzero constant. The metrics were first considered by Berger. We will return to this example in the last section as it it the most basic Einstein-Weyl manifold.
Let us now consider some examples of Sasakian structures on 3-manifolds represented as links of isolated hypersurface singularities defined by weighted homogeneous polynomials.
Example 34. Positive Sasakian 3-manifolds. Belgun's Theorem 31 says that every positive Sasakian 3-manifold is a spherical space form S 3 /Γ where Γ is a finite subgroup of SU (2). These are precisely (1) Γ = Z p the cyclic group of order p, (2) Γ = D * m a binary dihedral group where m is an integer greater than 2, (3) Γ = T * the binary tetrahedral group, (4) Γ = O * the binary octahedral group, (5) Γ = I * the binary icosahedral group. Orlik [Orl70] shows that all of these groups can be realized by links of weighted homogeneous polynomials, and that this exhausts all cases with |w| > d. It should be noted, however, that not all lens spaces L(p, q) occur, but only L(p, 1). The table below indicates the subgroup Γ ⊂ SU (2) together with a representative polynomial and the corresponding Dynkin diagram of the singularity.
Diagram Subgroup Polynomial
Notice that L(5, 3, 2) = S 3 /I * is the famous Poincaré homology sphere.
Example 35. Null Sasakian 3-manifolds. Up to covering these are all non-trivial circle bundles over a complex torus, and it is known [Mil75] that all such bundles can be constructed from the three dimensional Heisenberg group H ≃ R 3 which can be represented as a subgroup of GL(3, R) by considering matrices of the form
We also define subgroups H k ⊂ H of matrices for which x, y, z are integers divisible by some positive integer k. It is easy to see that the quotient manifold M k = H/H k is a circle bundle over a torus with Chern number ±k. The fibration π : M k − →T 2 is explicitly given by
Now Sasaki [Sas65] showed that R 3 has a natural null Sasakian η-Einstein metric with constants (λ, ν) = (−2, 4), although the connection with the Heisenberg group wasn't observed until later. This metric is
The Sasakian structure S = (ξ, η, Φ, g) on H is defined by the formulas
. Now one can easily check that the tensor fields defining S are invariant under the action of H on itself. Hence, S defines a Sasakian structure on the compact quotient manifolds M k . Milnor [Mil75] observed that the integral homology can easily be computed, viz.
However, as indicated by the table below only the cases k = 1, 2, 3 can be realized as links of isolated hypersurface singularities of weighted homogeneous polynomials. There are precisely three null Sasakian 3-manifolds that can be represented by links of isolated hypersurface singularities of weighted homogeneous polynomials [Orl70] . These are realized by arbitrary weighted homogeneous polynomials of degrees 6, 4 and 3, and they exhaust all possibilities that satisfy |w| = d. The table below gives the weights, degrees, and number of monomials of the three polynomials.
manifold weight vector degree # of monomials
(1, 1, 1) 3 10
Example 36. Negative Sasakian 3-manifolds. These are up to covering circle bundles over Riemann surfaces of genus g > 1. There are infinitely many examples which can be represented as links of isolated hypersurface singularities defined by weighted homogeneous polynomials. Milnor proves [Mil75] that in the case of Brieskorn 3-manifolds L(a 0 , a 1 , a 2 ) = SL(2, R)/Γ, where SL(2, R) is universal cover of SL(2, R) and Γ is s discrete subgroup completely determined by the triple (a 1 , a 2 , a 3 ). Perhaps the most interesting are the integral homology spheres. In this case a theorem of Saeki [Sae87] says that the link of an isolated hypersurface singularity defined by a weighted homogeneous polynomial has the same knot type as a Brieskorn link. Now Breiskorn's graph Theorem [Bri66] implies that a Brieskorn link L(a) is a homology sphere if and only if gcd(a i , a j ) = 1 for all i = j = 0, 1, 2. So clearly 3-dimensional homology spheres are quite numerous, and all but one, the Poincaré homology sphere L(5, 3, 2), have infinite fundamental group. More, generally for any link of an isolated hypersurface singularity defined by a weighted homogeneous polynomial, Orlik [Orl70] proved that π 1 is infinite if and only if d ≥ |w|, and π 1 is infinite nilpotent if and only if d = |w| which is the Euclidean or null Sasakian case. Obviously, for integral homology spheres π 1 must be perfect, i.e. [π 1 , π 1 ] = π 1 where [π 1 , π 1 ] denotes the commutator subgroup. A rather large class of examples can be treated by considering Brieskorn polynomials of the form 1, 3, 2) ) is infinite in all cases except the Poincaré homology sphere S 3 /I * = L(5, 3, 2). For example, L(7, 3, 2) is the quotient of the universal cover SL(2, R) of SL(2, R) by a co-compact discrete subgroup Γ ⊂ SL(2, R), and there is a covering of L(7, 3, 2) by the total space of a nontrivial circle bundle over a Riemann surface of genus g = 3 [Mil75] . More generally, except for the Poincaré homology sphere, L(6k ± 1, 3, 2) has a finite covering by a manifold that is diffeomorphic to a nontrivial circle bundle over a Riemann surface of some genus g > 1.
We end this section with a brief discussion of how one can distinguish integral homology spheresin three dimensions. This can be done by the Casson invariant λ which roughly speaking counts the number of irreducible representations of π 1 in SU (2). More explicitly for a Brieskorn homology sphere L(p, q, r) Fintushel and Stern proved that λ(L(p, q, r)) equals − 1 2 times the number of conjugacy classes of irreducible representations of π 1 (L(p, q, r)) into SU (2). Furthermore, they showed how λ(L(p, q, r)) can be computed from the Hirzebruch signature of the parallelizable manifold V (p, q, r) whose boundary is the link L(p, q, r). Explicitly, λ(L(p, q, r)) = sig V (p, q, r) 8 .
Now
Brieskorn [Bri66] had computed the signature of V (6k − 1, 3, 2) to be −8k, giving λ(L(6k − 1, 3, 2)) = −k. Thus, L(6k − 1, 3, 2) give an infinite sequence of inequivalent homology spheres. Moreover, it is known that λ(L(7, 3, 2)) = −1, and since k = 1 from the previous sequence is the Poincaré homology sphere, which is clearly distinct, we see that L(7, 3, 2) is also distinct from the others. For further discussion and references we refer the reader to the recent book [Sav02] .
η-Einstein Metrics in Dimension 5 and Higher
In this section we give a large number of examples of manifolds in dimension five and higher that admit Sasakian η-Einstein metrics. For null and negative Sasakian structures the proof of existence amounts to presenting examples as links of weighted homogeneous polynomials and then invoking Theorem 28. In the positive or Fano case the existence of Sasakian η-Einstein metrics is equivalent to the existence of Sasakian-Einstein metrics which has been studied quite extensively [BGN03a, BGK04, BGKT03, Kol04b].
The list of spin 5-manifolds which admit many inequivalent families of Sasakian-Einstein metrics is now long and keeps growing. For example, S 5 has at least 68 inequivalent Sasakian-Einstein metrics realized as Brieskorn-Pham links. The example below gives a subfamily.
Example 37. Consider sequences of the form a = (2, 3, 7, m). By explicit calculation, the corresponding link L(a) gives a Sasakian-Einstein metric on S 5 if 5 ≤ m ≤ 41 and m is relatively prime to at least two of 2, 3, 7. This is satisfied in 27 cases.
Recently, Kollár has shown that there are many inequivalent Sasakian-Einstein metrics on all k-fold connected sums of S 2 × S 3 [Kol04b] . On the other hand Boyer and Galicki showed that [BG03] Theorem 38. The links L(3, 3, 3, k) k > 2, L(2, 4, 4, p), p > 2 and L(2, 3, 6, m), m > 4 all admit Sasakian-Einstein structures.
The above links are rational homology 5-spheres under suitable assumptions on k, p, m. For example L(3, 3, 3, k) is a rational homology sphere with H 2 (L, Z) = Z k ⊕Z k as long as k is prime to 3. Since any L(3, 3, 3, k) is spin, by Smale's theorem [Sma62] , the second homology group completely determines diffeomorphism type of L (3, 3, 3, k) .
In the null case there appear to be only a finite number of manifolds admitting such structures. We begin with a non-existence result in dimension 5.
Theorem 39. Let S be a null Sasakian structure on a compact 5-manifold with H 1 (M, Z) = 0. Then 2 ≤ b 2 (M ) ≤ 21 and H 2 (M, Z) is torsion free. Furthermore, if b 2 (M ) = 21 then S is regular and M is diffeomorphic to #21(S 2 × S 3 ), and M/F ξ is a K3 surface.
Proof. The lower bound on b 2 (M ) is immediate from Corollary 1.10 of [BGN03a] , while the upper bound as well as the last statement follow from Corollary 81 of [Kol04a] . That H 2 (M, Z) is torsion free follows from Proposition 80 of [Kol04a] .
We mention that the lower bound in Theorem 39 holds with the weaker condition H 1 (M, R) = 0. We now have Corollary 40. S 5 and S 2 × S 3 or any quotient by a finite group do not admit null Sasakian structures.
Compact 5-manifolds with null Sasakian structures can be easily obtained from the list of 95 orbifold K3 surfaces.
Example 41. In 1979 Reid [Rei80] produced a list of 95 weighted K3 surfaces given as well-formed hypersurfaces in weighted projective space P(w 0 , w 1 , w 2 , w 3 ). His result generalizes the standard construction of the K3 surface as a quatric in CP(3). With each example of Reid one can consider the associated 5-dimensional link L f . By a result of Boyer and Galicki [BG01b] all L f are diffeomorphic to some k-fold connected sum of S 2 × S 3 , where k = b 2 (L f ) can be computed in each case by the Milnor-Orlik procedure [MO70] . For instance L(4, 4, 4, 4) ≃ #21(S 2 × S 3 ) is regular and it is a circle bundle over the K3-surface X 4 ⊂ P 3 . No.3 On Reid's list in the table of [IF00] is also a BP link L(6, 6, 6, 2) ≃ #21(S 2 × S 3 ). The degree 6 surface in X 6 ⊂ P (1, 1, 1, 3) given by vanishing of f (z) = z 6 0 + z 6 1 + z 6 2 + z 2 3 is easily seen to be non-singular and as a result we also get a regular null Sasakian structure on a K3-surface and regular null Sasakian structure on the corresponding circle bundle. However, X 4 and X 6 cannot be the same as complex algebraic varieties and L(4, 4, 4, 4) and L(6, 6, 6, 2) are not equivalent as Sasakian manifold. In all, Example 43. Consider L(k, k, k + 1, p). Such a link is negative as long as k, p > 3 or with k = 3 and p > 12. Moreover, L(k, k, k + 1, p) is a 5-sphere as long as p is prime to both k and k + 1 which can easily be arranged.
Proposition 44. Every negative Sasakian structure on S 5 is non-regular and there exists infinitely many inequivalent negative Sasakian η-Einstein structures. Hence, S 5 admits infinitely many different Lorentzian Sasakian-Einstein structures.
Proof. The existence of infinitely many non-regular negative Sasakian structures on S 5 follows immediately from Example 43. These lie in different deformation classes, and from Theorem 17 each deformation class has a negative η-Einstein metric. To prove the first statement we assume that S 5 has a regular negative Sasakian structure. Then we have a circle bundle S 5 − − →X with c 1 (X) negative, π 1 (X) = {1}, and b 2 (X) = 1. This is impossible by a Theorem of Yau, cf. Theorem V.1.1 of [BPVdV84] .
It is rather easy to produce examples of negative Sasakian η-Einstein structures on #k(S 2 × S 3 ); however, we haven't been able to find one nice sequence which does this, or even a sequence that works for odd k. The examples below give the essential ideas.
Example 45. This is example 43 with p = k+1. Now the BP link is L(k, k, k+1, k+ 1) and it is easy to see that the induced Sasakian structures are negative as long as k ≥ 4. Here the Milnor-Orlik method gives b 2 (L(k, k, k + 1, k + 1)) = k(k − 1). This gives negative Sasakian η-Einstein structures on #k(S 2 × S 3 ) for infinitely many k, but with larger and larger gaps as k grows. For low values of k, for example, k = 4 and 5, we get negative Sasakian structures on #12(S 2 × S 3 ), and #20(S 2 × S 3 ), respectively.
Another example is:
Example 46. Consider the BP links L(p, q, r, pqr) such that p, q, r ∈ Z + are pairwise relatively prime. The transverse space is a surface X pqr ⊂ P(pr, qr, pq, 1) and it is automatically well-formed, i.e., it has only isolated orbifold singularities. Hence, L(p, q, r, pqr) is diffeomorphic to #k(S 2 × S 3 ), where k = b 2 (L(p, q, r, pqr)) = (pqr − pq − pr − qr − 1) + p + q + r. Now, L(p, q, r, pqr) is negative when the term in parenthesis is positive, i.e. when pq + pr + qr + 1 < pqr. To simplify we can consider L(2, 3, r, 6r) with r prime to both 3 and 2. L(2, 3, 7, 42) is one of the examples on Reid's list. But from r > 7 we get infinitely many examples with second Betti number b 2 = 2(r − 1). For example for r = 11, we see that L(2, 3, 11, 66) is diffeomorphic to #20(S 2 × S 3 ).
Notice that both Examples 45 and 46 produce η-Einstein metrics on #k(S 2 ×S 3 ) for even k only. We haven't yet found a nice series that gives metrics for odd values of k. However, we can obtain η-Einstein metrics for odd k if we consider the more general weighted homogeneous polynomials.
Example 47. Here we give a few examples only to illustrate the method. A much more extensive list can be generated with the aid of a computer a la [JK01, BGN03b] . We begin with two inequivalent 'twin' Sasakian η-Einstein metrics on S 2 × S 3 . Consider the weighted homogeneous polynomials z 21 0 z 1 + z 5 1 z 2 + z 3 2 z 0 + z 2 3 , z 21 0 z 1 + z 5 1 z 0 + z 3 2 z 1 + z 2 3 . Both have degree 316 and both give links diffeomorphic to S 2 × S 3 . The weight vectors are w = (13, 43, 101, 158) and w = (11, 61, 85, 158), respectively. So |w| − d = −1 giving negative Sasakian η-Einstein metrics on S 2 × S 3 .
Similarly, the polynomials z 20 0 + z 3 1 z 3 + z 3 2 z 1 + z 2 3 z 0 z 10 0 + z 4 1 z 2 + z 2 2 z 3 + z 2 3 z 0 have degree 40 and 159, respectively. They give negative Sasakian η-Einstein metrics on #7(S 2 × S 3 ) and #2(S 2 × S 3 ).
We have
Corollary 48. #7(S 2 × S 3 ), #12(S 2 × S 3 ) and #20(S 2 × S 3 ) all admit positive, null, and negative Sasakian η-Einstein structures.
It is easy to construct examples of negative Sasakian η-Einstein metrics on homotopy spheres in arbitrary odd dimensions.
Example 49. Let the integers r i , i = 1, . . . , 2m be any pairwise prime positive integers. Then the (4m+ 1)-dimensional link L(2, 2r 1 , · · · , 2r 2m , a) is diffeomorphic to the standard sphere if a ≡ ±1 mod 8 and to the Kervaire sphere if a ≡ ±3 mod 8. The link will be negative when i 1 ri < a−2 a which is easily satisfied for r i 's large enough.
Corollary 50. In any dimension 4m+1 both the standard and the Kervaire spheres admit infinitely many inequivalent negative Sasakian η-Einstein structures.
In dimension 4m + 3 one can construct examples of negative Sasakian structures should exists on all homotopy spheres which bound parallelizable manifolds. That is to say, all BP links that by Brieskorn Graph Theorem are homeomorphic to a sphere of dimension 4m + 3 and are negative should easily contain all possible oriented diffeomorphism types. We have checked it in dimension 7 with the following Theorem 51. All 28 oriented diffeomorphism types of homotopy 7-spheres admit negative Sasakian structures. Hence, they all admit Lorentzian Sasakian-Einstein structures.
Proof. Consider L(k, k, k, k + 1, p), where p is prime to both k and k + 1. The link L is a homotopy 7-sphere and it is negative for k and p large enough. Using the computer codes of [BGKT03] , it is easy to check that such links realize all 28 oriented diffeomorphism types. Similarly, one should be able to show that the homotopy spheres in dimensions 11 and 15 that bound parallelizable admit negative Sasakian structures.
Remark 52. Many of the Sasakian η-Einstein structures admit large moduli spaces. This is particularly true for BP type polynomials. We refer the reader to our previous work [BGN03b, BGK04, BGKT03].
Positive η-Einstein Structures and Einstein-Weyl Geometry
In this chapter we investigate relations between Einstein-Weyl structures and η-Einstein metrics. The first insight into this relation was provided by Swann and Pedersen [PS93] and by Higa [Hig93] who studied Einstein-Weyl geometries of circle bundles over positive Kähler-Einstein manifolds. Later Nartita in a series of papers made the connection to η-Einstein geometry more explicit [Nar93, Nar97, Nar98]. We begin with some basic facts about Einstein-Weyl geometry (see [CP99] for a review of the subject). Then, for every Riemannian metric g in the conformal class, there exists a 1-form θ, uniquely determined by D and g, such that, for every X, Y ∈ X − (M ),
where ∇ denotes the Levi-Civita connection of g and θ # the dual vector field of θ with respect to g. In particular we have
The above condition is invariant under Weyl transformation, i.e.,
Hence, choosing a Riemannian metric in [g] we sometimes abuse the terminology and refer to the pair W = (g, θ) as a Weyl structure. It is known that on a compact, conformal manifold of dimension at least 3, the conformal class [g] contains a unique (up to homothety) metric g such that the corresponding form θ is g-coclosed (cf. [Gau95] ). This metric is the Gauduchon metric or the Gauduchon gauge.
for some smooth function Λ on M .
Clearly the Einstein-Weyl condition on the symmetrized Ricci tensor of D is conformally invariant. A Weyl structure is said to be closed (resp. exact) if the Weyl connection is locally (resp. globally) the Levi-Civita connection of a compatible metric. Hence a closed Einstein-Weyl structure admits local (but not necessarily global) compatible Einstein metrics.
On compact manifolds of dimension at least 3 with a closed but not exact Einstein-Weyl structure the form θ of the Gauduchon metric g is g parallel: ∇θ = 0 [Gau95] . In particular, θ is closed, hence g-harmonic.
On an almost contact metric manifold (M, ξ, η, Φ, g) it is natural to ask whether M has an Einstein-Weyl structure W = (g, θ) such that θ = f η, for some function f ∈ C ∞ (M ), and whether the metric g compatible with the almost contact structure is the Gauduchon metric of [g]. In fact, if (M, ξ, η, Φ, g) is an almost contact manifold then, for any 1-form θ, the Weyl structure W = (g, θ) on M is connected to S = (ξ, η, Φ, g) by several fundamental relations. The existence of Einstein-Weyl structures on almost contact metric manifolds have been considered by several authors [Mat02] , [Mat00] , [Nar97] , [Nar98] . Here we review and then extend some of the known results.
Let (M, ξ, η, Φ, g) be a (2n + 1)-dimensional, n ≥ 1, almost contact metric manifold. If W = (g, θ) is a Weyl structure on M , for every X, Y ∈ X − (M ), the Ricci tensor Ric D of D and Ric g of ∇ are related by the following equation [Hig93] :
where δθ, |θ| are the codifferential and the point-wise norm of θ with respect to g.
The following local characterizations of Einstein-Weyl structures can be found in [Hig93] .
Proposition 55. Let W = (g, θ) be a Weyl structure on an almost contact metric manifold (M, ξ, η, Φ, g) of dimension 2n + 1 ≥ 3. Then W = (g, θ) is an Einstein-Weyl structure if and only if there exists a smooth function σ on M such that:
for every X, Y ∈ X − (M ). 
where s is the scalar curvature of g.
First of all, as a direct consequence of (34), we can state Proposition 57. Let (M, ξ, η, Φ, g) be a K-contact metric manifold of dimension 2n + 1 ≥ 3 and suppose that M admits an Einstein-Weyl structure W = (g, θ)
with θ = f η for some non constant function f on M . Then X(f ) = 0 for every vector field X on M such that η(X) = 0 and the Ricci tensor of M is given by
Proof. We recall, at first, that the Ricci tensor of a K-contact manifold always satisfies the relation Ric g (X, ξ) = 2nη(X). Then, for every X horizontal vector field on M (here and in the following we shall call horizontal any vector field on M orthogonal to ξ) and Y = ξ, (34) becomes (37) (∇ X f η)(ξ) + (∇ ξ f η)(X) = 0, which easily implies the first part of the proposition. A straightforward computation proves the second part of the assert.
Corollary 58. If a K-contact manifold M of dimension at least 5 admits an Einstein-Weyl structure W = (g, f η) with f ∈ C ∞ (M ), then M is η-Einstein.
In particular, in such case, σ and f 2 − ξ(f ) must be constant.
The following example generalizes the 3-dimensional case.
Example 59. Let H(n) be the Heisenberg Lie group and let g be the following left invariant metric on H(n) (39) g = dx · dx + dy · dy + (dz − x · dy) 2 .
The Sasakian structure S = (ξ, η, Φ, g) on H(n) is defined by the formulas (40) η = dz − x · dy ξ = ∂ ∂z Φ = i ( ∂ ∂x i + y i ∂ ∂z ) ⊗ dy i − ∂ ∂y i ⊗ dx i . One can easily check that this is a null Sasakian η-Einstein structure on H(n) [Sas65] . Moreover, a transverse homothety of S by a constant a gives a null Sasakian η-Einstein structureS = (ξ,η,Φ,ḡ) admits the Einstein-Weyl structure W = (ḡ, fη), with f = α tan(z + c), α, c ∈ R, provided that a = 1 α , and α > 0 such that α 2 = 2n+2 2n−1 . This generalizes to arbitrary odd dimension the Einstein-Weyl structure described in [Nar97, Nar98] . In addition, one can get compact examples by taking quotients of H(n) by discrete subgroups.
From the formula (34) we can also deduce that, if ξ is a Killing vector field on the almost contact metric manifold (M, ξ, η, Φ, g) and M admits an Einstein-Weyl structure W + = (g, µη) for some constant µ, then M admits the Einstein-Weyl structure W − = (g, −µη) too. More precisely, applying the Proposition 56 to the K-contact manifolds, we obtain the following Theorem 60. Let (M, ξ, η, Φ, g) be a K-contact manifold of dimension 2n + 1 ≥ 3 and θ a 1-form on M . Suppose that both W ± = (g, ±θ) are Einstein-Weyl structures on M . Then θ is co-closed, but not closed, so g is the Gauduchon metric, the dual vector field θ # to θ is a Killing vector field, and either (1) θ(ξ) = 0 or (2) θ = µη with µ ∈ R.
Proof. In fact, if both W ± = (g, ±θ) are Einstein-Weyl structures on (M, ξ, η, Φ, g), the 1-form θ satisfies the both equations of Proposition 56 . In particular, substituting ξ for Y in (36) we get µ((∇ X η)(Y ) + (∇ Y η)(X)) + 2 2n + 1 δθ g(X, Y ) = 0 on S. But the first term vanishes since ξ is a Killing vector field. This implies that δθ = 0 on S and hence, on all of M. But then (35) gives (∇ X θ)(Y )+(∇ Y θ)(X) = 0, on all M for all X, Y ∈ X − (M ) which means that θ # is a Killing vector field, and also implies that µ is a constant. This completes the proof of the theorem.
We now discuss several corollaries of Theorem 60. First combining our results with [Gau95] we have Corollary 61. Let (M, ξ, η, Φ, g) be a compact K-contact manifold of dimension 2n + 1 ≥ 3 and θ a 1-form on M . Given the Weyl structure W = (g, θ), then the metric g is the Gauduchon metric of the conformal class [g] if and only if M admits both W ± = (g, ±θ) as Einstein-Weyl structures.
Corollary 62. Let (M, ξ, η, Φ, g) be a K-contact manifold of dimension 2n+1 ≥ 5. Then (M, ξ, η, Φ, g) admits an Einstein-Weyl structure W = (g, θ) with θ = µη, µ ∈ R, if and only if M is η-Einstein with Einstein constants λ, ν such that ν < 0.
Proof. If (M, ξ, η, Φ, g) admits an Einstein-Weyl structure with 1-form θ = µη for some constant µ, then from (34) we obtain (45) Ric g = σg − (2n − 1)µ 2 η ⊗ η, which proves the only if part of the assertion. On the contrary, if we suppose that the Ricci tensor of M is given by
where ν < 0, (34) is satisfied for σ = λ and θ = µη where µ is a constant such that µ 2 = − ν 2n−1 .
In the case of Sasakian structures Theorem 60 can be improved:
Theorem 63. A Sasakian manifold (M, ξ, η, Φ, g) of dimension 2n + 1 ≥ 5 admits both the Einstein-Weyl structures W + = (g, θ) and W − = (g, −θ) for some 1-form θ if and only if is η-Einstein with Einstein constants (λ, ν) such that ν < 0.
Proof. From the proof of Theorem 60 we know that, if (M, ξ, η, Φ, g) admits both W ± as Einstein-Weyl structures, then for the 1-form θ the relation θ(X)θ(ξ) = 0 holds, for every horizontal vector field X on M . On the other hand, since on a Sasakian manifold the Ricci tensor satisfies the equality Ric g (Φ(X), Φ(Y )) = Ric g (X, Y ) − 2nη(X)η(Y ), substituting in (36) Φ(X) for X and Φ(Y ) for Y with X, Y horizontal vector fields, we get (47) Ric g (X, Y )− s 2n + 1 g(X, Y ) = 2n − 1 2n + 1 |θ| 2 g(X, Y )−(2n−1)θ(Φ(X))θ(Φ(Y )), where s is the scalar curvature of g. The comparison between (36) and this last equation implies that θ must also obey the equation
for all horizontal vector fields X, Y on M . Now, arguing as in the proof of Theorem 60, if we suppose θ(ξ) = η(θ # ) = 0 and consider X = Y = θ # in (48), we obtain |θ| = 0 so that θ identically vanishes on M . Finally, the Corollary 62 implies the theorem.
Remark 64. We remark that, by taking Corollary 61 into account, in the case of a compact Sasakian manifold (M, ξ, η, Φ, g), the above Theorem 63 provides the necessary and sufficient condition for g to be the Gauduchon metric of the conformal class [g] for some Einstein-Weyl structure on M .
Finally, the following corollary follows easily from the previous analysis.
Corollary 65. Let (ξ, η, Φ, g) be a Sasakian-Einstein structure on a manifold M. Then M admits a pair of Einstein-Weyl structures W ± = (g, ±µη) obtain by squashing the Sasakian-Einstein structure to an η-Einstein structure with constants (λ, ν) and ν < 0. In this case µ 2 = − ν 2n−1 . In particular, all homotopy spheres of dimension 4n + 1, 7, 11 and 15 that bound parallelizable manifolds admit many pairs of Einstein-Weyl structures.
